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211 o = [n(n - 1) /2%

and combining certain terms together we arrive at (43) in
the text.
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Notes

Second Moment of Finite Polymer Chains
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A relatively simple formulation of the second moment
of infinite polymer chains with repeat units of any size has
been given.! In order to calculate unperturbed chain di-
mensions or dipole moments of finite linear chains, the
so-called generalized method? by Flory and Jernigan must
be used. However, the generalized method requires 15 X
15 matrices in the case of a three-state rotational isomeric
state (RIS) model, while for the older methods proposed
by Lifson,® Nagai,* and Hoeve,® 9 X 9 matrices are suffi-
cient to get second moments of infinite polymer chains.
We present here a formula with 9 X 9 matrices which gives
very close approximations to the second moments of finite
polymer chains.

Again it seems unnecessary to give a detailed derivation
since this exercise can be performed by straightforward
generalization of previously published results for two-¢ and
three-bond” repeat units, taking account of the general
properties® of the RIS model. The notation used here is
precisely that of Flory’s book® unless otherwise stated. Let
there be s bonds within a repeat unit, numbered by indices
a or 8 running from 1 to s. With x denoting the number
of repeat units of a chain, the formula of the second mo-
ment then reads

(F)/x = ¥ m?2+(2/0) 3 m B Ey x

a,8=1

[(x - DE;, - x8, + 8 *I(E;, - S,) R 4(A, ® E)mg (1)

When « < 3, x should be replaced by x + 1. Definitions
of several symbols appearing in the formula can be found
in detail in the previous paper.!

This formula is not an exact expression of the second
moments of finite chains (because the largest eigenvalue
has been used for normalization instead of the complete
partition function). The generalized method, on the other
hand, yields an exact expression, however.! When x (=n
for s = 1) is smaller than 10, there still remains a difference
between the generalized and the eigenvalue method due
to some end-group contributions and to the difference
between the partition function and the largest eigenvalues.
However, these become relatively small as x increases.
This method is expected to give excellent results in all
cases where the largest eigenvalue of Qa (U matrices) is
much larger than the other ones. If, however, this is not
the case, convergence to the correct result is a bit slower.
Readers are well-advised to refer to Nagai’s earlier work®
on the second and higher even moments using the largest
eigenvalue method.

A small rearrangement of eq 1 gives

(M?) /x = lim (M?)/x — (2/x) ﬂi_l m, (B,* ® Ey) X
(E3v - Sax)(E:iv - Sa)-zRaﬂ(Aa ® E3)mﬂ (2)

where lim,_... (M?)/x can be obtained directly from our
earlier result.!

Flory and Jernigan’s method? requires 21 X 21 matrices
for a three-state RIS model to evaluate the mean-square
radius of gyration. Here again a slightly simpler formula
is proposed, with only 9 X 9 matrices, to calculate a
mean-square radius of gyration. Though the formula does
not give an exact expression because of the reasons stated
earlier, it reproduces more than 99% of an exact value
obtained by Flory and Jernigan’s method. The derivation
of this formula is relatively straightforward (from the series
of expansions of (s2)g=(n + 1)2¥ ocpchend toner
Z}Lhﬂ(li-lj), numerical orders were obtained). Again the
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Table 1

(s%/nl* Obtained by Largest Eigenvalue Method

n (sH/nl? n (sy/nl?
64 0.975 238 1000 1.203 88
128 1.087 01 5 000 1.218 93
258 1.152 14 10 000 1.220 82
500 1.185 47 100 000 1.222 54
1100 000 1.222 72

notation used is precisely that of Flory’s book® unless
otherwise stated. The mean-square radius of gyration then
reads

(Vo= +1)2[Z Fm2+2 ¥ m, " B,*® E3) X
a=1 af=1

(X C,8. + 8,1 2 D,5,)(Ey, - S)Ros(A, ® Egm,]
r=0 r=0 (3)
F,=(a+ Ux(sx —a+ 1) + (sx - 2a)s(x — 1)x/2 -
s%(x - 1)x(2x - 1) /6
Co=ay+a +a,+ag
C, = —(8ay + 2a; — 4ay)
Co,=38ay+a;—-a; + a4
Cy = -ay
Dy = —(ag+ a; + a;, + ag) — (a; + 2a5 + 3ag)(x - 1) -
(ag + 3az)(x - 1)? - ag(x — 1)3
= (3aq + 2a; - 4a;) + (Ba; + 4a))(x - 1) +
3(ay + 2a3)(x — 1)2 + 3as(x — 1)3
D, = —(3ay + a, — ay + a3) - (3a;, + 2a, — 3az)(x — 1) -
3(ay + az)(x — 1)% - 3as(x - 1)°
Ds =ag+ a;(x — 1) + ay(x — 1)% + a5(x - 1)°
gy =—(a+1D)B-Dx+sxfla+B8+x(a-8+2)]/2+
s%x(x*-1)/6
a=(e+DB-1)-sla+B+2x(a-8+2)]/2-
$%(3x2 - 1) /6

RS
i

a; =s(sx +a—-8+2)/2
a; = —s%/6

When o < 3, then x is replaced by x + 1 in the second term
of eq 3 but not in F,.

As a simple test of eq 3, the reduction of (s2) to (r?)/6
is obtained, when x becomes infinitely large. (s%)/ni? of
polymethylene calculated from eq 3 are shown in Table

Acknowledgment. The author expresses his thanks
to Professor W. H. Stockmayer for his advice and en-
couragement. This work was supported by the National
Science Foundation under Grant DMR 76-22985, Polymers
Program.

References and Notes

(1) Matsuo, K. Macromolecules 1977, 10, 498.

(2) Flory, P. J.; Jernigan, R. L. J. Chem. Phys. 1965, 42, 3509.

(3) Lifson, S. J. Chem. Phys. 1958, 29, 80; 1959, 30, 964.

(4) Nagai, K. J. Chem. Phys. 1959, 31, 1169.

(5) Hoeve, C. A. J. Chem. Phys. 1960, 32, 888,

(6) (a) Flory, P. J.; Crescenzi, V.; Mark, J. E. J. Am. Chem. Soc.
1964, 86, 146. (b) Allegra, G.; Bennedetti, E.; Pedone, C.
Macromolecules 1970, 3, 727.

(7) Mark, J. E; Flory, P. J. J. Am. Chem. Soc. 1965, 87, 1415.

(8) Flory, P. J. “Statistical Mechanics of Chain Molecules”; In-
terscience: New York, 1969; p 106 footnote.

(9) Nagai, K. J. Chem. Phys. 1966, 45, 838; 1961, 34, 887; 1965, 42,
516; 1967, 47, 2052,

Unperturbed Dimensions of Wormlike Stars
MARC L. MANSFIELD and WALTER H. STOCKMAYER*

Department of Chemistry, Dartmouth College, Hanover,
New Hampshire 03755. Received April 21, 1980

Introduction

The characterization of branched macromolecules by
means of their dilute-solution properties continues to be
an active and important enterprise. Recent careful mea-
surements of gyration radii and intrinsic viscosities for
well-defined star molecules under 6-solvent conditions' are
not in good agreement with the classical theoretical pre-
dictions for unperturbed random-flight chains, so that
further work is needed. Undoubtedly a major reason for
these discrepancies is the unusually severe volume exclu-
sion in the neighborhood of a branch point, but in some
cases it may be advisable to take full cognizance of the
effects of chain stiffness as well, and the present exercise
contributes to this latter purpose.

Previous theoretical calculations on stiff branched
polymers include those of Kajiwara and Ribeiro? and of
Burchard® for randomly branched and star polymers.
These authors considered the complete particle scattering
factor in the first Daniels! approximation to the Kratky-
Porod wormlike chain model,>® and thus their results are
not applicable over the full range of contour length or chain
stiffness. Alternatively, Tonelli’ and Mattice®® have used
rotational-isomeric-state (RIS) theory to formulate the
mean-square radius of gyration for starlike branched
structures; and some related numerical calculations have
been exhibited by Mattice and Carpenter!® and by Mat-
tice.! For molecules with short branches, the RIS ap-
proach is doubtless much superior, but for the treatment
of moderately long branches the development of the rel-
ative simple analytical formula corresponding to the full
Kratky-Porod model is a useful objective. In some sys-
tems, agreement between wormlike and RIS treatments
can be secured over a wide range of chain lengths by in-
troduction of an appropriate “shift factor” connecting the
persistence length of the wormlike chain to an actual
number of skeletal bonds in the RIS chain.!? Here we
present results for wormlike star molecules of any func-
tionality and compare them briefly with the RIS calcula-
tions of Tonelli” and of Mattice and Carpenter! for regular
stars with three or four rays.

Mean-Square Radius of Gyration

The wormlike chain model can be described as an en-
semble of space curves in which the correlation of tan-
gential directions of two points on the curve decays ex-
ponentially with their separation along the contour.’ If
u(s) is a unit vector tangent to the curve at the contour
distance s from a specified origin, the aforementioned
correlation function is

(u(shul(s)) = exp(-|s’~s"/a) (1)

where a is the “persistence length” and 2a is the “Kuhn
length”. (In notations employed elsewhere, a = 1/2X =
1/2D.) The mean-square distance between two points at
sy and s, is then

(R¥(sy, 5)) = “ds’ I " ds” exp(-ls’~ s"/a) (2)

Now for a star molecule of f rays and total contour
length L, in which L; is the contour length of the ith ray,
the mean-square radius of gyration is given by
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